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Nucleon Structure with Isotropic Wilson Lattices

Goal : Compute Nucleon Structure and Quark Matrix Elements 
with high statistical precision and robust control of systematic errors

Four interconnected components :
DISCO: disconnected diagrams with Hierarchical Probing and Deflation [A.Gambhir, K.Orginos]
CONN3PT : Nucleon form factors with high momentum transfer using boosted nucleon 
operators [orig. proposed by B.Musch]
CEDM : Nucleon electric dipole moment induced by quark chromo-EDM CP-violating operator
TMD : Transverse-momentum dependent parton distributions with high-momentum limit

high-stat. quark-connected 
nucleon structure (2015-16)

Efficient quark-disconnected 
contributions (DISCO)

quark chromo-EDM-induced
nucleon EDM (CEDM)

boosted nucleon states for
high-Q2 nucleon form factors

(CONN3PT)

high-momentum limit for lattice 
Transverse Momentum-Dependent 

parton dist. (TMD)
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Isotropic clover-Wilson Lattices, Present&Outlook

ID a[fm] Volume m! m! L Traj. 
available

C13 0.114 323x96 300 5.6 10,000 DISCO,C3PT, CEDM

D5 0.081 323x64 312 4.0 5,000 DISCO,C3PT, CEDM, TMD

D6 0.080 483x96 192 3.7 2,500 DISCO,C3PT, CEDM

D7 0.080 643x128 192 4.9 2,000 generation 
continuing

D8 0.080 723x196 400 ➞ 140 4.1 thermalizing Bluewaters' 1st Y

D9 0.080 963x256 140 5.4 2k planned Bluewaters' 2nd Y

(ensembles selected for analysis)
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Efficient Calculation of  Disconnected Diagrams

Hierarchical probing [K.Orginos, A.Stathopoulos, ’13] : 

In sum over 2dk+1 vectors (d=3), 
dist(x,y) ≤ 2k terms cancel exactly:

zi −→ zi ⊙ ξ , ξ(x) = random Z2-vector

Disconnected light & strange form factors (300 MeV) [J.Green, S.Meinel’s, et al, PRD92:031501]

1 ≤
�

a

|xa − ya| ≤ 2k :
1

N

N�

i

zi(x)zi(y)
† ≡ 0

NEW: reduce variance by treating low modes 
of            exactly [K.Orginos, A.Gambhir]( /D

† /D)
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Strange Quark Contributions, Lattice vs Exp.
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HAPPEX, G0, A4 data
[PRL108:102001(2012)]

vs.
Lattice QCD (mπ = 317 MeV)

[J. Green, S. Meinel; PRD92:031501]
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FIG. 3. Strange-quark and disconnected light-quark electric and magnetic form factors, with statistical error bars. The curves
result from the z-expansion fits; the inner bands show the statistical uncertainty and the outer error bands show the combined
statistical and systematic uncertainties (added in quadrature). The charge factors are not included.

FIG. 4. Linear combination of form factors, Gs
E + ηGs

M ,
probed by forward-angle parity-violating elastic ep scatter-
ing experiments [5–7, 9–11, 13, 14]. The coefficient η depends
on the scattering angle and Q2; for the lattice data we use the
approximation η = AQ2, A = 0.94 GeV−2 [10]. In the low
Q2 region we also show the linear dependence on Q2 resulting
from the estimated charge radius and magnetic moment at
the physical point.

we observe, suggesting that the quark masses are too

large for ChPT at this order. Therefore, we resort to a

simple linear interpolation in m2
loop. We also adjust to

the physical nuclear magneton, and obtain at the physi-

cal point:

(r2E)
s
= −0.0067(10)(17)(15) fm2,

(r2M )
s
= −0.018(6)(5)(5) fm2,

µs
= −0.022(4)(4)(6) µN ,

(7)

−0.5 −0.4 −0.3 −0.2 −0.1 0.0 0.1
µs (µN)

lattice QCD (this work, mπ = 317 MeV)

lattice QCD (this work, physical point)

lattice QCD [17]

connected LQCD + octet µ from expt. [16]

. . . same, with quenched lattice QCD [29]

finite-range-regularized chiral model [30]

light-front model + deep inelastic scattering data [31]

perturbative chiral quark model [32]

dispersion analysis [33]
parity-violating elastic scattering [34]

FIG. 5. Determinations of the strange magnetic moment:
from direct lattice QCD calculations (this work and Ref. [17];
red circles), models and phenomenology [16, 29–33] (green
squares), and from a recent global analysis of parity-violating
elastic scattering data [34] (blue diamond).

where the first two uncertainties are statistical and sys-

tematic (as estimated above). The third error is the dif-

ference between the value at the physical point and on

our lattice ensemble (using the physical nuclear magne-

ton), and serves as an estimate of the uncertainty due to

extrapolation to the physical point.

The experiments run at forward scattering angles were

sensitive to a particular linear combination of form fac-

tors, Gs
E + ηGs

M , which we show in Fig. 4. Our results

and the experimental data are both broadly consistent

with zero, although the lattice data have much smaller

uncertainties. This suggests that it will be quite chal-

strange quark magnetic moment

Errors = (statistic)(fit)(exc.state)(discr.)

(r2E)
s = −0.00535(89)(56)(113)(20) fm2

(r2M )s = −0.0147(61)(28)(34)(5) fm2

µs = −0.0184(45)(12)(32)(1) µlat
N

PQChPT-inspired linear extrapolation in 
(mloop)2 ~ (mlight + mdisconn) to phys.point
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Deflated Hierarchical Probing

Variance of HP estimator                           
comes long-distance low modes

�

x �=y

| /D−1
(x, y)|2

| /D−1
(x, y)|2 ∼ e−mπ|x−y|

32 Hadamard 512 Z2 noise
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[A.Gambhir, K.Orginos, A.Stathopoulos] : augmenting the HP estimator                           
by treating the low modes of                   exactly( /D

† /D)

Analysis: [A.Gambhir, B.Yoon]

GPU-ready

4D Hadamard vectors
NO time dilution
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Nucleon Form Factors in Experiments

 Proton radius: 7σ difference; 
JLab pRAD, MUSE (e±,µ± –p)

GA(Q2) are measured in !-scattering, "-production;

implications for neutrino flux norm. in IceCube, etc

Axial radius (rA2)=12 / mA2: model dependence
varying nuclear / GA shape models: mA=0.9 ... 1.4 GeV

Strange quark GsA,P(Q2) : MiniBooNE
GP(Q2) induced pseudoscalar : # capture (MuCAP)

R4 Topical review
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Figure 1. Axial mass MA extractions. Left panel: from (quasi)elastic neutrino and antineutrino
scattering experiments. The weighted average is MA = 1.026 ± 0.021 GeV. Right panel: from
charged pion electroproduction experiments. The weighted average is MA = 1.069 ± 0.016 GeV.
Note that value for the MAMI experiment contains both the statistical and systematical uncertainty;
for other values the systematical errors were not explicitly given. The labels SP, DR, FPV and
BNR refer to different methods evaluating the corrections beyond the soft pion limit as explained
in the text.
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Figure 2. Experimental data for the normalized axial form factor extracted from pion
electroproduction experiments in the threshold region. Note that all results are shown for the
experiments where various theoretical models were used in the analysis to extract GA. For
orientation, the dashed curve shows a dipole fit with an axial mass MA = 1.1 GeV.

mass were determined from the slopes of the angle-integrated differential electroproduction
cross sections at threshold. The results of various measurements and theoretical approaches
are shown in the right panel of figure 1. We recall that [27, 38] were omitted from the fit
for lack of reasonable compatibility with the other results. In figure 2 we have collected the

[V.Bernard et at, J.Phys.G28:R1(2002)]

 Form Factors at high momentum: 
JLab@12GeV :
Q2➝∞ scaling; 
flavor separation 

3
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/Fu 2F
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!
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FIG. 2: The ratios κ−1
d F d

2 /F
d
1 , κ

−1
u F u

2 /F
u
1 and κ−1

p F p
2 /F

p
1 vs.

momentum transfer Q2. The data and curves are described
in the text.

The form factors Fu
1 , F d

1 , Fu
2 and Fu

2 are shown in
Fig. 3, all multiplied by Q4 for better clarity in the high-
Q2 range. The values are given in Table I.

TABLE I: The flavor contributions to the proton form factors,
obtained usingG n

E
/G n

M
form factor data from Refs.[13-18] and

the Kelly fit [20] for the other form factors. The Q2 values
are given in GeV2.

Q2 Ref. F u
1 F d

1 F u
2 F d

2

0.30 [17] 1.075(6) 0.505(12) 0.716(6) −0.995(12)

0.45 [18] 0.853(6) 0.377(12) 0.515(6) −0.777(12)

0.50 [14] 0.789(6) 0.332(12) 0.473(6) −0.708(12)

0.50 [16] 0.789(4) 0.340(7) 0.463(4) −0.713(7)

0.59 [17] 0.695(6) 0.283(13) 0.394(6) −0.617(13)

0.67 [15] 0.628(6) 0.249(12) 0.342(6) −0.552(12)

0.79 [17] 0.544(8) 0.206(15) 0.283(8) −0.467(15)

1.00 [16] 0.434(5) 0.154(10) 0.211(5) −0.357(10)

1.13 [18] 0.379(3) 0.124(5) 0.183(3) −0.298(5)

1.45 [18] 0.290(3) 0.093(6) 0.128(3) −0.213(6)

1.72 [13] 0.2257(22) 0.0529(43) 0.1103(22) −0.1429(43)

2.48 [13] 0.1380(18) 0.0278(35) 0.0632(18) −0.0707(35)

3.41 [13] 0.0851(12) 0.0131(24) 0.0370(12) −0.0337(24)

Up to Q2 ≈ 1 GeV2 there is a constant scaling fac-
tor of ∼2.5 for F1 and ∼0.75 for F2, between the u- and
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FIG. 3: The Q2-dependence for the u- and d-contributions to
the proton form factors (multiplied by Q4). The data points
are explained in the text.

d-quark contributions. Above 1 GeV2 the d-quark con-
tributions to both nucleon form factors multiplied by Q4

become constant in contrast to the u-quark contributions
which continue to rise. These experimental results are in
qualitative agreement with the predictions for the mo-
ments of the generalized parton distributions reported in
Ref. [22]. It is interesting to note that the d-contributions
correspond to the flavor that is represented singly in the
proton, whereas the u-contributions correspond to the
flavor for which there are two quarks. In the framework
of Dyson-Schwinger equation calculations, the reduction
of the ratios F d

1 /F
u
1 and F d

2 /F
u
2 at high Q2 is related to

diquark degrees of freedom [23]. The reduction of these
ratios has the immediate consequence that Sp has its ob-
served shape despite the fact that Su and Sd are almost
linear with Q2.

Another representation of the Dirac form factor is the
infinite momentum frame density, ρD , given by the ex-
pression ρD (b) =

�
(QdQ/2π)J0(Qb)F1(Q2) [24], where

J0 is the zeroth order Bessel function and b is the im-
pact parameter. The faster drop off of the d-quark form
factors in Fig. 3 implies that the u quarks have a signif-
icantly tighter distribution than the d quarks in impact-
parameter space, as was noticed in Ref. [25].

In summary, we have performed a flavor separation
of the elastic electromagnetic form factors of the nu-
cleon. We find that for large Q2 the d-quark contri-
butions to both proton form factors are reduced rela-
tive to the u-quark contributions. We find also that the
Q2-dependencies of the flavor-decomposed quantities Su

and Sd are relatively linear in contrast to the more com-
plicated behavior of Sp and Sn. This linearity is due
to the fact, as yet unexplained, that the ratios Fu

2 /F
u
1

Q
4
F

q 1
(Q

2
)

κ
q
Q

4
F

q 2
(Q

2
)

u & d contributions 
to F1,2 form factors
[G.D.Cates et al., 
PRL106:252003]

muonium result is 
7σ away from e-p

[PRAD presentation]
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High-precision Form Factors (ALCC 2015-2016)
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D6 isovector F2
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High-precision Form Factors (ALCC 2015-2016)
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High-Momentum Nucleon States and Form Factors

Optimize smearing for boosted nucleon states 
[orig. B.Musch]

Sat-rest = exp[−w2

4
(i�∇)2] ∼ exp(−w2�k2lat

4
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Nucleon operator on a lattice with Gaussian-"smeared"  
quarks does not couple well to moving hadron

This Proposal (CONN3PT): study boosted sources 
with mπ =320,190 MeV with a=0.114, a=0.081 fm
In Breit frame:

periodic BC
antiperiodic (twisting)

Q2
opt = (6�kmin)

2 = 4.2 . . . 8.2GeV2

Q2
opt = (6�kmin)

2 = 1.1 . . . 2.1GeV2

reduced overlap 
with boosted WF

Sboosted = exp[−w2

4
(i�∇− �k0)

2]

∼ exp(−w2�(klat − �k0)2

4
)

RQCD results for spectrum 
[G. Bali et al, arXiv:1602.05525]
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not surprising since the support of the smearing function
in the direction of the momentum is quite small. At the
same time this small support may explain why the boost
outperforms conventional Wuppertal smearing as broad
wavefunctions are disfavoured at high momenta, unless
the k vector is introduced, see Eq. (29).

In summary, substantially contracting the smearing
function in the direction of the momentum ameliorates
the phase mismatch discussed in this article. Therefore,
some improvement over the conventional isotropic smear-
ing case can be achieved. However, only momentum
smearing correctly accounts for this effect and we see no
indication that injecting a momentum alters the optimal
shape of the modulus of the smearing function Eq. (45).

D. Comparison with dispersion relations

Our main aim here was to demonstrate the effective-
ness of momentum smearing. For this purpose it was
sufficient to consider only one source position on 200 in-
dividual gauge configurations. The present state-of-the-
art, however, is to realize multiple sources on ten times as
many configurations. In the near future we will compute
a multitude of physically interesting observables with en-
hanced statistics. The masses shown in Eq. (38) were
already obtained with high statistics and in Figs. 3–9
we have compared effective energies against the contin-
uum and lattice dispersion relations Eqs. (39)–(41), using
these values.

FIG. 10. Pion energies for different lattice momenta. in com-
parison to the continuum (solid curve) and lattice (points con-
nected by dotted lines) dispersion relations Eqs. (39) and (40).

In all cases the smeared-smeared effective energies from
optimized momentum smearing were in agreement with
plateaus from t ≥ tmin = 8.5a ≈ 0.61 fm onwards, where
t = 8.5a corresponds to the effective energy obtained
from the correlation function at 8a and 9a, see Eq. (48).
In many cases tmin could be chosen smaller. For the mo-
ment being, we conservatively approximate the energies
by EH(p) ≈ EH,eff(p, tmin). The results as a function
of p are shown in Figs. 10 and 11 and compared to the
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FIG. 11. Nucleon energies for different lattice momenta. in
comparison to the continuum (solid curve) and lattice (points
connected by dotted lines) dispersion relations Eqs. (39) and
(41).

dispersion relation expectations. We also display results
obtained with conventional smearing for small momenta
where this is possible. For the two-point functions stud-
ied here the precision of the conventional results can be
improved at little computational overhead by averaging
over (for the absolute momentum values shown) six, eight
or twelve equivalent directions. We have not done this,
to allow for a “fair” comparison of the efficiency of the
smearing methods. It is clear from the figures, however,
that the maximally possible error reduction, assuming
different momentum direction results to be statistically
uncorrelated, would not affect any of our conclusions.
We do not expect either parametrization shown in

Figs. 10 and 11 to perfectly describe the data as the
lattice dispersion relations are for point particles, assum-
ing a particular form of the effective Lagrangian. How-
ever, differences between the two functions are indicative
for the size of possible lattice effects. While in the pion
case differences between the parametrizations are on the
present level of statistics insignificant, the nucleon data
appear to be better described by the continuum disper-
sion relation. In the near future we will further investi-
gate this, increasing our statistics and also employing a
different smearing as described in Sec. III E.

VI. CONCLUSION

In many lattice gauge theory applications hadrons car-
rying high momenta are required. Due to the exponen-
tial increase of relative errors of n-point functions with
Euclidean time distances and diminishing ground state
sampling, high momenta previously were very difficult
or impossible to achieve. In Sec. II we have introduced a
new class of quark smearing methods for the construction
of hadronic interpolators that address and substantially
mitigate these problems. One particular realization of
these methods, that is trivial to implement and comes
with very little computational overhead, is momentum

+ Include disconnected diagrams (DISCO)

Motivation : JLab @12 GeV will measure proton, 
neutron form factors up to Q2 = 12..18 GeV2
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Neutron EDM induced by Quark Chromo-EDM

nEDM from qCEDM Tanmoy Bhattacharya
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Figure 2: The phase α of the connected two point

function of the neutron due to a chromo-electric mo-
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Figure 3: Signal in the connected isovector F3 form
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theory nonrenormalizable at finite values of ε . In other words, one needs to keep ε large enough

so that the differences used to evaluate the derivatives are not dominated by noise, and yet small

enough, ε � 4πaΛQCD, so that the O(a−1) divergences are under control. In Fig. 2, we show that the

parameter αN can be calculated from the connected nucleon two point function, and is linear in ε .

In Fig. 3, we show the signal in the connected diagrams of the F3 form factor obtained using

Eq. 2.6 and the determination of αN . The signal is non-zero, but a plateau is not yet visible in the

preliminary data.

5. Conclusions

An extraction of F3 and neutron electric dipole moment will need control over statistics, ex-

cited state effects and operator mixing. Also, the continuum limit of this matrix element has

an O(a−2) divergent mixing with lower dimensional operator that need to be subtracted non-

perturbatively. In discretizations like our mixed action formalism without chiral symmetry, there

are additional divergences that also need to be controlled. Calculations are currently underway.
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In Fig. 3, we show the signal in the connected diagrams of the F3 form factor obtained using

Eq. 2.6 and the determination of αN . The signal is non-zero, but a plateau is not yet visible in the

preliminary data.
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Figure 1: The full calculation requires the reweighting factor times the sum of the connected and
disconnected diagrams.

• calculate the regular quark propagators P using the standard clover-Wilson action;

• calculate modified quark propagators P� by inverting the Dirac operator including the quark
chromo EDM term with strength ∼ �; the modified propagator P� has the quark chromo EDM
operator inserted at all possible spacetime points:

�
/D +m− r

2
D2 + cswΣ

µνGµν

�−1
−→

�
/D +m− r

2
D2 + Σµν(cswGµν + i�G̃µν)

�−1
; (4)

• calculate regular P seq and modified P seq
−� sequential propagators using P and P� as forward

propagators;

• similarly to the regular matrix elements, contract the forward and sequential propagators
inserting the electromagnetic current into connected and disconnected diagrams;

• reweight each configuration by the ratio of CP-even and✟✟CP Dirac determinants, as shown in
Fig. 1 to correct the sea quark vacuum for ✟✟CP; to leading order it is the space-time integral
of the chromo EDM operator; tests of the reweighting step are being done.

We propose to study 3 values of �, for a 4× increase in cost compared to a regular 3-point calculation.
Tests show P is a good (20–40% reduction in iterations) guess for P� and similarly, P seq for P seq

−� .
The mixing of the chromo EDM operators with operators of the same and lower dimensions

has been worked out in 1-loop perturbation theory and the framework for nonperturbative renor-
malization in the RI-sMOM scheme established for a chiral lattice action [9]. The renormalization
problem is not fully solved for the non-chiral clover-Wilson action. The proposed work will quantify
(i) the signal in the matrix elements of the the ✟✟CP quark chromo EDM operator, as well as all
the operators it mixes with, (ii) the reweighting procedure (encouraging preliminary results were
reported in [10]), (iii) size of the mixing. Having established the efficacy of the method, we plan
to collaborate with the Brookhaven lattice group to do the calculation using chirally-symmetric
domain wall fermions, to which we can apply our 1-loop calculation of the operator mixing.

2.3 Axial Form Factors of the Nucleon

Over the next two decades, the U.S.’s efforts in the Intensity Frontier are the short baseline (SBNE)
and a long baseline (DUNE) experiments at Fermilab. They will make measurements with neutrino
beam energies over the range 0.2—5 GeV in the two experiments: 0.2—1 GeV for short baseline and
0.2—5 GeV for long baseline. The major goal of the DUNE experiment is to answer the question–
do neutrinos exhibit matter-antimatter asymmetry by probing whether CP violation exists in the
neutrino sector. To demonstrate CP violation in the neutrino sector will require very accurate cal-
culations of the [anti-]neutrino flux and their cross-sections off target nuclei. Over the energy range

3

Schwinger method: Dirac equation modified by 
chromo-EDM interaction,

Preliminary results, connected only 
[T.Bhattacharya, LAT2015]
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igψ̄σ̃ µν
Gµνt

aψ ∂ 2(ψ̄iγ5t
aψ) ie

2
ψ̄σ̃ µν

Fµν {Q, ta}ψ
Tr [Mt

a]∂µ (ψ̄γµγ5ψ) 1

2
∂µ (ψ̄γµγ5 {M, ta}ψ)|

traceless

Tr
�
MQ

2
t
a
�

1

2
F̃µνF

µν
Tr [Mt

a] 1

2
G̃

a
µνG

µνa

1

2
ψ̄iγ5

�
M

2, ta
�

ψ Tr
�
M

2
�

ψ̄iγ5t
aψ Tr [Mt

a] ψ̄iγ5Mψ
iψ̄Eγ5t

aψE Re∂µ [ψ̄Eγµγ5t
aψ]

Re ψ̄γ5
/∂ t

aψE Re
ie

2
ψ̄ {Q, ta} /A(γ)γ5ψE

Table 1: Flavor diagonal CP violating dimension 5 operators in the two flavor theory allowed by the BRST

symmetry in Landau gauge. The mass matrix M and the charge matrix Q are assumed real and flavor

diagonal, t
a

stands for either an isotriplet or an isosinglet diagonal flavor generator. The subscript ‘traceless’

indicates that the flavor trace is subtracted from the anti-commutator. We use the notation ψE ≡ (i /D−m)ψ
for a fermion field that is zero by the equations of motion.

2.1 Operator Basis

In Table 1, we enumerate the CP violating dimension 5 operators allowed by the BRST sym-

metry after gauge fixing to the Landau gauge (or, more generally, to any Rξ gauge). They include

both gauge invariant operators O that do not vanish by equations of motion, and gauge variant

operators N that do.
2

Under renormalization, their mixing structure can be written as

�
O

N

�

ren

=

�
ZO ZON

0 ZN

��
O

N

�

bare

. (2.3)

In Ref. [9], we describe a momentum subtraction scheme, RI-S̃MOM, that uses the MS quark

masses when they appear explicitly in the operators. This scheme is defined by imposing the

condition that certain projections of the truncated Green’s functions of operators between quark

and gluon states take on their tree-level value. The external momenta are chosen to be symmetric,

non-exceptional and to remove the non-1PI quark contributions. The finite renormalizations that

connect this scheme to the MS scheme in the continuum limit are also provided there.

2.2 Form Factors

The electric dipole moment can be calculated from the matrix element of the electromagnetic

current. In fact, it is one of the zero-momentum electromagnetic form factors. For spin 1/2 particles

like the neutron N, the interaction of the electromagnetic current Vµ(q) is given by the Dirac F1 and

Pauli F2 form factors, the electric dipole form factor F3 and the anapole form factor FA:

�N|Vµ(q)|N� = uN

�
γµ F1(q

2)+ i
[γµ ,γν ]

2
qν

F2(q2)

2mN

+(2imNγ5qµ − γµγ5q
2)

FA(q2)

m
2

N

+
[γµ ,γν ]

2
qνγ5

F3(q2)

2mN

�
uN , (2.4)

where uN represents the free neutron spinor and mN is the neutron mass. The Sachs electric and

magnetic form factors are defined in terms of these as GE = F1 − (q2/4M
2)F2 and GM = F1 +F2

2
At dimension 5, no CP violating operators containing the Fadeev-Popov ghosts are allowed by the BRST symmetry.

4

This proposal: extend to lighter pions, 
add disconnected diagrams

     ,          EDM form factor �P ✟✟CP      anapole form factor �P

Neutron EDM is the main direction to search for BSM CP-violaton;
CP-violating quark-gluon interaction is a potential source of neutron EDM:

Complete calculation requires the following 
diagrams:

nEDM from qCEDM Tanmoy Bhattacharya

ei! ×





!"

#"

#"

!"

#"

#"$%"

$%"
$"

!"

#"

#"

!"

#"

#"$"

$"
$%"

!"

#"

#"

!"

#"

#"

$"

$%"

$%"

!"

#"

#"

!"

#"

#"

$"

$"

$%"

$" $%"

$%" $"
+

!"

#"

#"

!"

#"

#"$%"

$%"
$"

$"&'("

!"

#"

#"

!"

#"

#"$"

$"

$)%"&'("

$%"

!"

#"

#"

!"

#"

#"

$"

$%"

$%"

$)%"&'("

!"

#"

#"

!"

#"

#"

$"

$"

$"&'("

$%"





Figure 1: The calculation of the electromagnetic form factors in the presence of the chromo-electric operator
using the Schwinger source method. The calculation proceeds by tying together propagators with (marked
with ε or −ε) and without the addition of the chromo-electric operator. The superscript ‘seq’ represents a
sequential propagator. The green cross stands for the electromagnetic current and the red cross in a square,
the chromo-electric operator.

respectively. The zero momentum limit of these form factors give the charges and dipole moments:
thus, for the neutron, we have the electric charge is GE(0) = F1(0) = 0, the (anomalous) magnetic
dipole moment is GM(0)/2MN = F2(0)/2MN , and the electric dipole moment is F3(0)/2mN . The
form factors FA and F3 violate parity P, and F3 violates CP as well.

2.3 Projection

We evaluate these form factors on the lattice by measuring the three point correlator of the
electromagnetic current with the neutron operator N ≡ d̄cγ5

1+γ4
2 u d in the vacuum state |Ω�. This

can be expanded in a complete basis of states |N�, |N��, . . . to which the neutron operator couples:

�Ω|N(�0,0)Vµ(�q, t)N†(�p,T )|Ω�= ∑
N,N�

uNe−mNt �N|Vµ(q)|N�� e−EN� (T−t)uN . (2.5)

For simplicity, we project on to a single component of the neutron spinor using the projector P =
1
2(1 + γ4)(1 + iγ5γ3). Noting that in presence of CP violation, the free neutron spinor satisfies
uNuN = eiαNγ5(i/p+mN)eiαNγ5 for some CP violating phase angle αN , and assuming that the neutron
operator couples primarily to a single state N� = N, we can extract the form factors from

TrP�Ω|NV3N†|Ω� ∝ imNq3GE −2i(q2
1 +q2

2)FA −
q2

3
2

F3

+αNmN(EN −mN)F1 +αN [mN(EN −mN)+
q2

3
2
]F2 (2.6)

3. Lattice Calculation

The calculation of the electromagnetic form factors in the presence of a chromo-EDM operator
naïvely needs the evaluation of a four point function. The technology for such calculations is at its
infancy. To avoid this problem, we choose to follow the Schwinger source method, in which the
chromo-EDM operator is added to the Lagrangian with a coefficient, ε . Derivatives with respect to

5

     ,          interaction�P ✟✟CP
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Accuracy ε = 0.005 ε = 0.01
10−8 85% 86%
10−3 51% 66%

5×10−3 28% 45%

Table 2: Cost of inversion of the modified Dirac operator compared to that of the unmodified operator. The
details of the ensemble and method are given in the text.

ε of any matrix element calculated with this Lagrangian and evaluated at ε = 0 then ‘inserts’ the
chromo-EDM operator.

3.1 Schwinger source method

Since the quark chromo-EDM operator is a quark bilinear, the addition of this operator to the
Lagrangian can be thought of as an addition to the Dirac operator. This change can be implemented
by changing the fermion propagator

�
/D+m− r

2
D2 + cswΣµνGµν

�−1
−→

�
/D+m− r

2
D2 +Σµν(cswGµν + iεG̃µν)

�−1
(3.1)

and multiplying the fermion determinant by the ‘reweighting factor’

det( /D+m− r
2 D2 +Σµν(cswGµν + iεG̃µν)

det( /D+m− r
2 D2 + cswΣµνGµν)

= expTr ln
�
1+ iε ΣµνG̃µν( /D+m− r

2
D2 + cswΣµνGµν)

−1
�

≈ exp
�
iε TrΣµνG̃µν( /D+m− r

2
D2 + cswΣµνGµν)

−1
�
. (3.2)

Schematically, the entire calculation of the electromagnetic form-factors in the presence of u and d
quark chromo-electric dipole moments is illustrated in Fig. 1.

3.2 Propagator inversion

We studied the inversion of the modified Dirac operator using clover valence quarks on a ≈
0.12fm, mπ ≈ 310MeV HISQ ensembles from the MILC collaboration [10]. A single application
of the modified Dirac operator was only 7% more expensive once the chromo-electric field has
been precalculated, and we observed that the condition number of the modified Dirac operator
was within 5% of the unmodified Dirac operator. Using the BiCGStab algorithm implemented in
Chroma software suite [11] and using the ε = 0 solution as an initial guess, the extra inversion cost
of the modified operator was 28–86% of the cost of the inversion of the unmodified operator, as
shown in Table 2. Overall, the calculation of connected electromagnetic current measurement on
each configuration is only about 50% larger than the cost of the same measurements in the absence
of the chromoelectric operator.

4. Numerical Tests

The Schwinger source method relies on taking the derivative of the matrix element with respect
to ε at ε = 0. The addition of the higher dimension operator to the Lagrangian, however, makes the

6

unmodified propagators
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ζ̂ =
P · v
mN |v| → ∞“light-cone” limit is required

in Collins-Soper parameter

operator localized 
at Euclidean time %

Φ(b, P, S, ζ̂, µ)=
1

2
�P, S| q̄(0)ΓU(ηv, b) q(b) |P, S�

Non-local lattice operator

probes k⟘-moments 
(“shifts”) of TMDs

∼
�

dx

�
d2�k⊥ ki f(x,�k⊥)

Proposed quasi-PDF operators [X.Ji (2013)] are a special case of TMD operators
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Fig. 1 Dependence of the generalized Sivers shift on the staple extent (left) and on the quark separation bT in the η → ∞ SIDIS
limit (right); from [9]

Fig. 2 Results for Sivers and Boer-Mulders shifts as a function of ζ̂ for a fixed bT for all ensembles; from [9]

a certain partial contribution to the Sivers shift which vanishes at ζ̂ = 0, but dominates the quantity at large
ζ̂ ; comparison of the full Sivers shift with the partial contribution thus can give an indication of convergence
towards the large ζ̂ limit. For further details, cf. [9]. The signal for the shifts quickly deteriorates as the nucleon
momentum P , and thus ζ̂ , is increased. No clear trend can be identified at the present level of accuracy as ζ̂

rises, and connecting with perturbative evolution equations at large ζ̂ will clearly represent a challenge for the
present approach. Within the (sizeable) uncertainties, no significant variation can be discerned as one changes
the pion mass or the spatial extent of the lattice. In the isovector channel displayed, the signal for the Sivers
shift is of higher quality than the one for the Boer-Mulders shift. One reason for this is that, if one separates the
u- and d-quark contributions, the Sivers shifts in the two cases are of opposite sign (thus reinforcing each other
in the u − d difference), whereas the Boer-Mulders shifts are of the same sign, thus canceling each other to
some extent. Note that the lattice results obtained in this work are compatible with phenomenological analyses
of experimental SIDIS data [12,13], in spite of the variety of systematic effects which would still need to be
taken into account for a fully quantitative comparison.

To obtain further insight regarding the large ζ̂ limit, also a study of the Boer-Mulders shift in the pion
on the mπ = 518 MeV ensemble was performed. The lower mass of the pion compared with the one of the
nucleon (note that the hadron mass enters the denominator of ζ̂ in (5)), and the accumulation of higher statistics
permitted the treatment of higher ζ̂ with improved accuracy. Figure 3 shows representative results, for u-quarks
alone; in the pion case, the isovector combination vanishes. The corresponding disconnected contributions are
not included. Remarkably, the bT -dependence of the Boer-Mulders shift flattens as ζ̂ is increased, and the data
for different ζ̂ approach each other at large bT . It would be useful to understand this behavior in detail. Focusing
on a particular value of bT , Figure 3 (right) displays the ζ̂ -dependence of both the full Boer-Mulders shift
as well as the partial contribution already alluded to further above, along with corresponding extrapolations.
In the pion case, the partial contribution already furnishes roughly one half of the full shift at the highest ζ̂

reached, signaling that the calculation has covered a significant part of the evolution to large ζ̂ . Still, the pion
momenta employed are too small to guarantee a reliable connection to perturbative evolution; the functional
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Total Request

[DISCO] disconnected quark loops with HP and deflation
[CONN3PT] form factors at high momentum transfer
[CEDM] nucleon EDM induced by quark chromo EDM
[TMD] TMD and PDF contractions for high-momentum nucleon in- & out-states 

C13 : 323x96
m$=300 MeV
a=0.114 fm

D5 : 323x64
m$=300 MeV
a=0.080 fm

D6 : 483x96
m$=190 MeV
a=0.080 fm

REQUEST

DISCO 500c * 512 vec 500c * 512 vec 500c * 512 vec 27.4 M

CONN3PT 38,400 samp. 28,800 samp. 38,400 samp. 15.4 M

CEDM 64,000 samp. 48,000 samp. 64,000 samp. 23.7 M

TMD(contract) 14,400 samp. 12.0 M

TOTALTOTALTOTALTOTAL 86.3 M
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SPC Questions

1. With the new resources at JLab being as yet unspecified, we would like to know 
if you are in a position to use them efficiently if they are a) cpu, b) GPU, c) KNL. 

Our project uses Chroma and Qlua suites
Chroma has multigrid solvers efficient on both CPU and GPU
Qlua has the same multigrid inverter for CPU [QOPQDP, J.Osborn]
Members of the team are part of a NESAP project to develop a multi-grid solver for KNL 
motivated by the commitment to KNL by major research centers including LANL and NERSC.
Contractions in Chroma will be accelerated with QDP++JIT (needs Intel LLVM compiler, 
expected Fall 2016); Qlua relies on OpenMP version of QDP/C

2. What are the prospects for a physical mass clover ensemble? 
Are the trajectories listed in proposal thermalized?

The two physical point ensembles are planned for generation in the BlueWaters proposal :
723x196 (thermalized towards the physical point now, 5,000 planned in the BW 1st year),
and 963x256 (2,000 planned in the BW 2nd year)
Quoted configuration numbers for proposed calculations are fully thermalized 
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SPC Questions

3. In the discussion of the axial FF, you mention dipole fits. Do you anticipate 
using more robust z-parametrisation as in some of your previous work?

We will consider multiple parameterizations to study how they affect the outcome, including 
the dipole and the z-expansion.
The dipole form was highlighted as the one used most often by experimentalists. 
The z-expansion fit has proved very useful for extracting low-Q2 behavior, such as the axial 
radius, an important quantity that connects lattice QCD with ChPT.

4. Can you more clearly outline the interconnectedness and dependencies
of the various parts of your proposed calculations?

Efficient calculation of disconnected diagrams is at the center of the proposal
Neutron EDM will use disconnected insertions of both quark current and chromo-EDM 
High-momentum nucleon structure will use quark-bilinear insertions with high momentum
Nucleon sources and propagatprs optimized for high momentum will be used to study the 
large momentum (Collins-Soper) limit of TMDs & PDFs on a lattice
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SPC Questions

5. For quasi-PDFs, there is a competing proposal from Huey-Wen Lin and
other collaborators. What is the need and what are the unique features for the
quasi-PDF part of that proposal and this current proposal?

The theoretical frameworks for connecting extended lattice operators to PDF are completely new 
and various lattice approaches are warranted in order to evaluate them. We believe that our 
proposed calculations are complementary to those proposed by Lin and Collaborators.

The high-momentum nucleon states on a lattice offer a unique opportunity to study the large-
momentum limit that has to be taken for both TMDs and PDFs. PDFs, which are a special 
case of our TMD contractions, are essentially free in our calculation
The Huey-Wen's proposal with similar pion mass but with much finer lattice spacing, a=0.045 
fm, to study the systematics due to lattice artifacts (pa)n. Additionally, they plan to look at the 
strange and charm PDFs, to investigate how well the LaMET framework (Jiunn-Wei Chen, 
Jianhui Zhang, Xiangdong Ji) applies to heavier quarks, and make connections to the global 
fits (C.-P. Yuan).
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SPC Questions

6. Since you are planning to calculate gA for which there already exists an
accurate measurement, have you considered performing a “blind analysis” to
prevent any inadvertent bias? To blind your analysis, you could add an overall
off-set factor to the correlation functions that would be kept unknown to the
people doing the analysis until the systematic error analysis is finalized.

There is indeed the need to implement robust measures into the analysis to prevent human bias 
(Thanks for the encouragement and starting the discussion!) 

Data analysis has been streamlined, with the analysis stage separated from "stripping" the raw 
output; adding quantity-dependent offset factors is trivial.
Random variation to offset factors ("artificial noise") may be helpful to evaluate our separation 
of the stochastic noise from systematic uncertainties (the latter should be stable when the 
artificial noise is removed)


